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Abstract 

Let A(x) and E{x) be error terms of the sum of divisor function 
and the mean square of the Riemann zeta function, respectively. In 
this paper their fourth power moments for short intervals of Jutila's 
type are considered. We get an asymptotic formula for U in some 
range. 
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1 Introduction 

Let d(n) denote the Dirichlet divisor function and A(x) denote the error 
term of the sum ^ n<x d{n) for a large real variable x: 

A(x) = ^2 ^( n ) ~~ x(logx + 27 — 1), 

n<x 

where 7 is Euler's constant. Dirichlet first proved that A(x) = 0(x 1 ^ 2 ). The 
exponent 1/2 was improved by many authors. The latest result reads 

(1.1) A(x) « x 131 / 416 (logx) 26947 / 8320 , 
proved by Huxley [3]. It is conjectured that 

(1.2) A{x) =0(x 1 / 4+£ ), 
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which is supported by the classical mean square result 

(1.3) £ A 2 (x)dx = £|||t 3 / 2 + 0(T log 5 T) 

proved by Tong |13| . For results of higher power moments of A{x), see 

[2i eio dans dung. 

Define the function E(t) by 



(1.4) E(t) := f 
Jo 



2 

du - t log(i/2vr) - (27 - l)t, t > 2. 



Many properties of E(t) are parallel to those of A(x). Huxley [3] proved 

(1.5) E(t) = 0{t 12 ' 227 dog 629 / 227 t). 
The conjectured bound is 

(1.6) E(t) = 0(t 1/4+£ ), 
which is supported by the mean square formula 

(1.7) f T E 2 (t)dt= 2 ^ 4(3 ^ T 3 / 2 + 0(Tlog 5 T) 
K ' J2 3C(3)V2^ 

proved by Meurman [llj. For higher power moments of E(t), see [2J El El 

eieieieieiei. 

Jutila [8 J first studied the mean square of the difference A(x + U) — A(x) 
for short intervals. He proved that if T > 2 and 1 < U < T 1 / 2 <C H < T, 
then 

rT+H 



(1.8) / (A(z + U) - A(x)) 2 dx 
Jt 



+ 0(T 1+£ + HU^T 6 ) 



which implies that the estimate 
rT+H 



/1 +n 
(A{x + 17) - A(x)) 2 dx x #[/ log^T 1 / 2 /^) 



2 



holds for HU > T 1+£ and T £ < U < 



T l/2 



2 ■ 

For E{t) Jutila proved that the asymptotic formula 
rT+H 



(1.10) / (E(t + U)- E(t)f dt 
Jt 

1 (fin) i-t+h 



y £w f t i/2 { exp(i(27rnA) i/2 [/) _ M 2 dt 

f—f n A l l Jt 



^ n<T/2U 

+ 0(T l+£ + HU 1/2 T £ ), 

holds for 1 < U < T 1 / 2 <^H <T. 

Jutila [8J also raised the problem of extending (|1.8|) and (|1.1U|) to higher 
power moments. Especially, he conjectured that the estimates 

(1.11) j\A(x + U)-A(x)) 4 dx<.T 1+£ U 2 
and 

(1.12) j\E{t + U)-E(t)) A dx^T 1+£ U 2 

are true for 1 ^ U ^ T 1 / 2 . He also pointed out that if (j!.12j) were true, 
then the important bound 



1 6 



T [ 

dt < T 1+£ 



would follow. 

When H = T, Recently Ivic[6] obtained substantial improvements on 
this problem. He proved a much more explicit asymptotic formula for the 
integral J^ T (A(x + U) — A(x)) 2 dx. He also proved that the estimate (1-11) 
holds for T 3 / 8 <C U -C T 1 / 2 . Similar results were also established for E(t). 
We remark that the range T 3 / 8 <C U <C T 1 / 2 seems to be the limit of the 
present methods. 

Kiuchi and Tanigawa studied the mean square for short intervals of Ju- 
tila's type for other arithmetical functions [9l I10j. 

Notation, e is a sufficiently small positive constant. /<Cg means |/| < Cg 
for some positive constant C. n x iV means iV < n < ]V, n ^ N means 
N < n < 2N. fj,(n) is the Mobius function. S'C(S) denotes the summation 
conditions of the sum S when it is complicated. 
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2 Main results 



Jutila and I vie established asymptotic formulas for the mean square of A(x+ 
U) — A(x). However for the fourth moment, only an upper bound result was 
proved, which seems very weak comparison to the mean square case. So it 
is natural to ask if one can find an asymptotic formula for the fourth power 
moment of A(x + U) — A(x) in some range of U. The aim of this paper is to 
solve this problem . We shall establish an asymptotic formula for the fourth 
power moment of A(x + U) — A(x), which can be viewed as an analogue of 
(1.8). 

Theorem 1. Suppose T,H,U are large real numbers such that 
(2.1) T 3/7 < U <C T 1/2 , H < T, H 8 U 21 > T 17 , 

then for a small constant c we have 

t-T+H 



(2.2) J (A(x + U)- A(x)) 4 cix 



JL V •<*("*) f T+H x TT sin * U ^ dx 

2tT* ^ (m- -^4)3/4 T X ll Sm x l/2 dX 



+ 



q ^j.17/8+£jj-5/8 + j]ji3/W+sjj25/W + ^1/4^15/16+£^21/16^ 



and 



(2.3) 



2 



(A(x + U) - A(x))Ux = - x Y, -M^-^TT ) dx 

XnKciT/U) 1 / 4 J 

+ O (HU 2 {T/U 2 y 1/2 T £ + HT 3 / 16+£ U 25 / 16 ) 

+ (V 7/8+£ [/- 5/S + ifl/4 T 15/16+e ^21/16^ _ 

Remark 1. Our result holds only in the range T 3 / 7 <C U <C T 1 / 2 , which is 
narrower than Ivic's range T 3 / 8 < ?7 < T 1 / 2 . However, our theorem gives 
an asymptotic formula for the fourth power moment of A(x + U) — A(x). We 
note that the range T 3 / 7 <C U <C T 1 / 2 seems to be the limit we can establish 
asymptotic result for the fourth power moment by the present methods. 
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Remark 2. If the condition (2.1) is replaced by 

T 3/7 < U <C T 1/2 , T 5/6 < # <T, H 8 U 21 > T 17 , 

then the term #1/^15/16+^21/16 in ( 2 .2) a nd (2.3) can be removed. If 
(2.1) is replaced by 

T 3/7 < U <C T 1/2 , #<T, H 16 U 36 » T 31 , 
then both #i/4 T 15/16+ £[/ 21/16 and T i7/8+ £[/ -5/8 in (2.2) and (2.3) can be 
removed. 

Corollary 1. Suppose 

(2.4) T 3/7 < ?7 < T 1/2 ~ £ , H <T, H 8 U 21 > T 17+£ . 
Then we have 

fT+H rp 

(2.5) J (A(x + U)- A(x)) 4 dx^HU 2 log 6 

Theorem 2. Suppose T,H,U are large real numbers such that 

T 3/7 <C U < T 1/2 , T 205/227 <^.H <T, H S U 21 > T 17 , 
c is a small positive constant, then we have 
(2.6) 

r T+H 10 — d(ni)d(n2)d(n 3 )d(n 4 ) 



x | T+H i f[ sin ^j^d* + O (fT 3 / 16+£ c/ 25 / 16 + T 17 / 8+£ f/- 5 / 8 ) 



(nin2n 3 n4) 3 / 4 

n j <c{T/U) 1 / 4 ' 



and 
(2.7) 

fT+H 



4 dt 



ri +n 

j T m+u)-E(x)) 

24 ^ d_(n) ^ d 2 (m) /™ , 2 [Vm 

" vr ^ n 3/2 m 3/2 y tsm ( 2t )i/2 sm (2t)i/2 at 

+ O ^HU 2 (^y 1/2 T £ + HT 3/ld+£ U 25/16 + T 17 / 8+£ [/~ 5/8 ^ . 
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Corollary 2. Suppose 

T 3/7 <C U < T 1/2 - £ , T 205/227 <^H <T, H 8 U 21 » T 17+e , 

(2.8) / (Mx + IT) - £(x)) 4 dx x £/ 2 log 6 

Jt U z 



3 Some preliminary lemmas 

Lemma 3.1. If 1 <C N <C x, then 

A(z) = V ^cos (4vr^- 7) +0(x 1 / 2 ^iV-V2 ) . 

Proof. This is the well-known truncated Voronoi's formula (see for example, 
(3.17) of Ivic 0). □ 

Lemma 3.2. 7/ a* = ^/n± + -^/n-J ± — \/n4 7^ 0, i/ien 

I cu* I 3> max(ni, n2, ?t-3, n4) _3 ^ 2 (nin2n3n4) -1 / 2 . 
Proof. This is a variant of Lemma 2 of Ivic and Sargos [7j. □ 

Lemma 3.3. Let N > 2, A > and let A(N; A) denote the number of 
solutions of the inequality 

\n{ /2 + n 2 /2 - n] /2 - n\ /2 \ < A, nj ~ N {j = 1,2,3,4), 

then 

A(N; A) < (AiV 7/2 + iV 2 )iV e . 
Proof. This is a special case of Theorem 2 of Robert and Sargos [12]. □ 

Lemma 3.4. Let Nj > 2, A > and /e£ Afc(iVi, iV 2) iV 3 , JV 4 ; A) denote the 
number of solutions of the inequality 



\n\ /2 + n 2 /2 ±n l J 2 -nj 2 \ < A, nj ~ N (j = 1,2,3,4), 



then 



A ± (N 1 ,N 2 ,N 3 , N 4 ; A) « J^A 1 / 4 ^ 8 + n] /2 )N_ 
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Proof. This is Lemma 3 of Zhai |17j . 



□ 



Lemma 3.5. Suppose /,-(£) (1 < j < k) and g(t) are continuous , monotonic 
real-valued functions on [a, b] and let g(t) have a continuous , monotonic 
derivative on [a,b]. If\fj(t)\ < Aj(l < j < k), \g'(t)\ 3> A for any t £ [a,b], 
then 




fi(t) ■ ■ ■ f k {t)e(g{t))dt < At ■ ■ ■ A k A-\ 



Proof. This is Lemma 15.3 of Ivic [5j. We note that Lemma 3.5 is still true 
if the function e(t) is replaced by cosi and sint. □ 

Lemma 3.6. The square roots of different square-free numbers are linearly 
independent over the integers. 

Proof. This is a classical result of Besicovitch pQ . □ 

4 Estimates of some special sums 

In this section we shall prove the estimates of several special sums used in 
our proof. 

Lemma 4.1. Let z > 10. Then 

n<z 

and 

Y,d\n)n-^ 2 xz- 1 / 2 log 3 z. 
n>z 

Proof. These two estimates follow from the partial summation formula and 
the well-known estimate 

^2d 2 (n) x zlog 3 z. 

n<z 

□ 
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Lemma 4.2. Let z > 10. Define 

d(ni)d(n 2 )d(ns)d(n4) 



ci(z) : = £ 



/ri4 



(nin 2 n3) 3 / 4 n 4 1 / 4 



T/ien ci(z) < 1. 

Proof. Suppose -i/ni + Jwi + y/n-j = Jnl. By Lemma 3.6, we have 



rij = lm,j, mi + m 2 + 7773 = 771,4, m(0 / 0- 
So we have (noting that ci(a&) < d{a)d(b)) 

d(lm\)d(lm2)d(lm\)d(lm\) 



ci(z) < J] 



mi+m2+m,3=rrt4 
£m|<z 



Z 5 ^ 2 (mi 7772 7773 ) 3//2 7774 



^ ^ <i 4 (Z) ^ ^(mf )d(m|)(i(7773)(i(m|) 

«M<(z/0 1/2 

d 4 (l) d(mf )d(m2)cZ(m3)d((mi + 777 2 + m 3 ) 2 ) 

75/2 Z^ (777l777 2 77l3) 3 / 2 (mi + 77T-2 + 7773) 1 / 2 

<<z mi,m2,m3<(z/l) 1 ' 2 

< 1. 

□ 

Lemma 4.3. Let z > 10. Define 

y-^ d(ni)d(n 2 )d(n 3 )d(n 4: )(^ni + y/n^ + + y/nj) 

C2{Z) := > -TJJ 

, , , (771772773774 )' 

T/7en 02(2) <C log 4 z. 

Proof. We have 02(2) <C c' 2 (z), where 

c > ^ ._ d(n 1 )d(n 2 )d(n 3 )d(n A ) 

1 — 1 / — / — 1 / — f77i772773) 3//4 774 1 ^ 4 



It is easily seen that the equation yfn{ + y/n^ = y/ns + y 7 ^! is equivalent 
to the following two cases: 
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(i) m = n 3 , n 2 = n 4 or n\ = ra 4 , n 2 = ri 3 , 

(ii) m / n 3 ,ni / n 4 . 
Thus we may write 

C 2 (z) = 2c 2 l(z) + C 2 2(z) 

with 

d 2 (n) d 2 (m) 



n 3/2 m 

C22(^) — V]* d(ni)d(n 2 )d(n 3 )d(n A ) 

nj<z 

where Y^* means the condition n\ 7^ 723, n 4 7^ n 4 . 

Obviously, 021(2) <C log 4 2. Now suppose -y/nl + y^n^ = + y 7 ^! such 
that ri\ 7^ 77.3, ni 7^ n 4 . By Lemma 3.6 we have 

(4.1) rij = lm 2 , mi + 777-2 = "13 + A*(0 / 0. 

Thus 

d 4 (l) ^ d(m?)d(m|)d(m§)d(mt) 



/10/4 mi +m 2 =m 3 +m 4 {m 1 m 2 m z f ,2 m A 112 

nijKiz/l) 1 / 2 

E ><»>*<»>. 

Kz n<(«/0 1/2 

where 

*o- E |S «• *w = E 

n=mi+m2 ' n=m3+m4 ^3 ^ 4 

Obviously 

r(n) < n" 3 / 2+e and i?(n) < ttT 1 / 2 ^. 

So we have 022(2) <C 1. Now Lemma 4.3 follows from the above estimates. 

□ 



Lemma 4.4. Suppose u > z > 10. Define 
SC(Ei) : y^i + \/"2 = \/™3 + ni / n 3 , m / n 4 , rij < u (j = 1, 2, 3, 4). 
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Then we have c(z, u) <C z 3 / 2 . 



Proof. Let 



5(ni,n 2 ,n 3 ,n 4 ) 



(nin 2 n 3 n4) 3 / 4 



1 



4 

j^J min 

3=1 



( 




Obviously we have 




SC(T> 2 ) : v^H + \/"2 = \/^3 + \/^4, "i / "-3, n\ / n 4 , n 3 - < u (j = 1,2,3,4), 
n\ < ri2, n% < n 4 , ri2 < n 4 . 



re l < ^2) n 3 < re 4) ^2 < re 4> re 4 < -2; 

S , C(S 4 ) : ^/n{+ ^/n2~ = + \/™4> n i / n 3, "l / "4, < « ( j = 1,2,3,4), 
n\ < ri2, n 3 < n 4 , ri2 < n 4 , n 4 > z. 

We estimate S3 first. From (4.1) we get 



We write 



^2 2 9{ni,n 2 ,n 3 ,n 4 ) = + ^2jg(m, n 2 , n 3 , n 4 ), 




m J <(2/0 1/2 




1 



n<2(z/0 1 / 2 



/<z 



n<2(^/0 1 / 2 




Z<z 



where we used the estimate 



/(") = (mim 2 )- 1/2 < 1. 



10 



Now we estimate £ 4 . From the condition 5(7(5^) we get n 2 > z/2. If 
n-3 > z, then ni > z. So we can write 

^ 4 £r(ni,n 2 ,n 3 ,n 4 ) = (^2 41 + E 42 + E 43 ) n 2 , n 3 , n 4 ), 

S , C(S 4 i) : ^frvy + = v^3 + y/m, m / n 3 , m / n 4 , 

n 4 > z, n 2 > z/2,n 3 < z,ni < z, 
5C(S4 2 ) : v/^i + \/"2 = \/^3 + n/^Ij n i ¥= n 3 , n x / n 4 , 

n 4 > z, n 2 > z, n 3 < z, n\ > z, 
5C(S 43 ) : ^/nl + ^/n^ = ^/n3~ + y/n^, n x / n 3 , n x / n 4 , 

n 4 > z, n 2 > z, n 3 > z, n\ > z. 

By (4.1) we get 

E 4i 9 n 2, n 3 , n 4 ) < z _1 n^ 1/4 n2 3/4 n3 1/4 ri4 3/4 

^ -lT|-2r - 1 / 2 -3/ 2 -V 2 -3/2 

<C z >^ f >^ m 1 m 2 m 3 m 4 

* n>(z/0 1 / 2 

where 

S'C(S4ii) : mi + m 2 = m 3 + m 4 , m\ < (z/l) 1 / 2 , m 3 < (z//) 1 / 2 , 

m 2 > (z/2Z) 1/2 ,m 4 > (z//) 1 / 2 ; 
/i(n) := E 412 m ^ /2m 2 3/2 > 5C(S 4 i 2 ) : mi < (z//) 1 / 2 ,m 2 > (z/2l) 1 / 2 ,m 1 < 

9^ n ) ■= T,^™^ 2 ™^ 2 ' SC (^) ■ m 3 ^ (^A) 1/2 ,^4 > (z/l) 1/2 . 

It is easy to see that 

/i(n) « n- 3 / 2 (z/Z) 1/4 , gi(n) « n- 3 / 2 (z/Z) 1/4 . 

Thus we have 

£ 4i 5 (m, n 2 , n 3 , n 4 ) « z" 1 £ /^(z/Z) 1 / 2 £ n~ 3 « z~ 3 / 2 . 
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Similarly we can prove 



^2 42 9{ni,n 2 ,n 3 ,n 4 ) <C z 3/2 , 



'43' 

Now Lemma 4.4 follows from the above estimates. 



□ 



5 Identities involving the functions sinw and cosw 

We need some formulas about the functions sinw and cos-u. Let k > 1 be a 
fixed integer, a±, - • • ,a k be real numbers. Define 

l l 

SI k {a u ■■■ ,a k ):=J2'--J2 ("l) il+ '" +ifc sm(j iai + ■■■ + j k a k ), 
h=o j k =0 
i i 

CO fc (ai,--- ,a k ) := ^ • • • ^ cos^ai + • • • + j k a k ). 

31=0 j k =0 

Lemma 5.1. Suppose k = m + I, m > 1, 1 > 1, then we have 

(5.1) Sl k (ai, ■ ■■ ,a k ) = S2 m (ai, ■ ■ ■ , a m )COi(a m+ i, ■ ■■ ,a k ) 

+ CO m (ai, ■■■ , a m )Sli(a m+1 , ■■■ ,a k ), 

(5.2) CO k (ai, ■ ■■ ,a k ) = CO m (ai, ■■■ , a m )COi(a m+ i, ■ ■■ ,a k ) 

- Sl m {ai, ■■■ , a m )Sli(a m+1 , ■■■ ,a k ). 

Proof. These two identities follow from the well-known formulas 
sin(a + (3) = sin a cos (3 + cos a sin (3 

and 



cos (a + (3) = cos a cos (3 — sin a sin f3, 

respectively. 

Lemma 5.2. We have 



□ 



Sl k {ai, ■ ■ ■ ,a k ) = < 



cos 



aiH t-n fc 

2 ' 



' 2*(-l)^ (nj =1 sm ^ 

if k = r (mod 4), r = 1, 3, 
2 fc (-l)5(ll1=isrnf) sin^i^, 

if k = r (mod 4), r = 2,4, 
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CO k (cti, ■■■ ,a k ) 



1)t m ; =1 Bin f sin ^ 



aH ha fc 



if k = r (mod 4), r = 1, 3, 



2 fe (-l)MnLsmf cos^±^, 



if k = r (mod 4), r = 2, 4. 



Proof. Trivially for k = 1 we have 



(5.3) SXi(ai) = — sinai = — 2 sin ^ cos 



(5.4) 



COi(ai) = 1 — cosai = 2 sin 2 



The cases k = 2, 3,4 follow easily from Lemma 5.1 and (5.3). 

Now suppose m > 1 be a fixed integer such that Lemma 5.2 is true for 
k < 4m. We shall show that Lemma 5.2 is true for k = 4m + r, r = 1, 2, 3, 4. 
We only prove the result for SZ k {ai, • • • , a k ) with r = 1, 3. The other cases 
are similar. By Lemma 5.1 we have 

Slk(ai, ■■■ , a>k) = Sli m {ai, ■ ■ ■ ,a>4 m )CO r (a4 m +i, ■■■ ,«fc) 
+ C04 m (ai, ■ ■ ■ , a4 m )Sl r (a4 m+ i, ■ ■ ■ ,a k ) 



(-1) — 2 k 



a\ H V a^m . a 4m+ i H hat 

sm sm 



+ (-l)^2 fc { 



II sin T 



Ql H h a 4m Q!4m.+1 H 1" «fc 

cos cos 



i=i 



(-1)^2* < 



OL\ H h «4m 

cos cos 



a 4m+l + • • • + «fc 



. «i H h a 4m . a 4m+ i H h a k 

sm sm } 



(-1)^2* I 



n 

.i=i 



a.; 



sm 



cos 



ai H V a k 



□ 
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6 Proof of Theorem 1 

Suppose the condition (|2.1[) holds. Let y := c(T/C/) 1 / 4 , where c is a small 
positive constant. For any T < x <C T, define 

1{X) [= W^^^ cos(4tt^ - -), 
R 2 (x) := A(x)-R 1 (x). 
By Lemma 3.1, we can write 

(6.1) A(x + U)-A(x) = S 1 (x) + S 2 (x), 



where 



Sl(x) = f^I S { COS + - |) - cos (4vr^ - j) } 

^(x) = R 2 (x + U)- R 2 {x) + M(x), 



and 

M(x) = ± ^= £ ^ cos (4vr V / ^(xTc7) - - 

r z + mi/4 _ 1/4 

It is easy to see that 

M(x) <C C/x -1 |i?i(x + C/)|. 



6.1 Evaluation of the integral J^ +H Sf(x)d 



x 



First we evaluate the integral f^ +H Sf(x)dx. Si(x) can be written as 



In order to write the 4-th power in a simple way, we introduce here the 
following notations. Let / = {0,1} and let j = (ji,j 2 , J3, 3 a) and i = 
(*li ^3) be elements in J 4 and I 3 , respectively, and put \ j\ = ji + ■ • • + Ja- 
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Using the elementary formula 

cos a\ cos (Z2 cos 03 cos 04 = ^ ^2 cos(di + (— l) n a2 + (— l) l2 a3 + (— l) J3 a4) 

ie/ 3 

we have 
(6.2) 

o4/_a _ x y r n i.7i+4 y y d( ni ) ■ ■ ■ d(n 4 ) 

4 

x 1 

/- i. 

d{n\) ■ ■ ■ d{rii) ( tt{3 



Y{ cos (iny/ni(x+ jiU) - j 



2 5 7T 4 

where 

q(x) = y/n^x+hU) + {-l) h yJn 2 {x+j 2 U) + V"3(s + j 3 U) 



/ g = l + (_l)*i + (_l)^ + (_l)*3 < 

Let 

(6.3) a* = ^1 + (-l) n v^+ (-l) i2 v^i+ (-l) i3 V^I, 

(6.4) a, = h^/ni + (-l) n jsv 7 ^ + (-l) i2 J3v^ + (-ith^U- 

We divide the sum (16.21) into two parts according to a* = or a* 7^ 0, 
respectively. Thus we get 

(6-5) Sf(x) = 2^i(5n(x) + 5 12 (x)), 



where 



a*=0 



and 
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It is easy to see that 



Hence, if a* = 0, we have 

= cos ^7^-Tj +0 i ^ 

Therefore 



rT+H 

(6.6) / ^=£(-1)^2 



d(ni) ■ ■ • d(n 4 ) 
. (m • • • n 4 ) 3 / 4 

a*=0 

/ T+H / litU a* vr/T. , 
x / x cos — -7- — ax 



T 



\ x 1 / 2 4 



+ ( HT~ 1/2 U 2 V d ( n i) - " " d ("4)(>/»r + • • • + y^I) 
V (ni- --4)3/4 



For i = (h, 12,13) £ I 3 ,i^ (0,0,0), we let 

T u\ = (—1)1^1 V d ( n i) d ( ra 2)^3)^(w 4 ) 

a*=0 



r T+H f2irUa* tt/T. , 

X / XCOS I j (I.f. 
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where a* and a* are defined by (I6.3h and (|6.4p . It is easily seen that 

7(0, 0, 1) = 7(0, 1, 0) = 7(1, 0, 0) = 7(1, 1, 1), 
7(0,1,1) =7(1,1,0) =7(1,0,1). 

Concerning the sum in O-term in ()6.6|) . Lemma 4.2 and 4.3 imply that 

Ed(ni)---d(n 4 )( x /nH \- Jru) , 4 
„«<„ (nx---n 4 )3/4 

a*=0 
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Therefore 



" S u (x)dx = 4 V rf(wi)d(n 2 )d(w 3 )d(w4) 

T " ' (nin 2 n 3 n4) 3 / 4 




+3 £ 



27rC/^I 2t:U^ 2TrU^/nT 

x l/2 ' x l/2 ' x l/2 ' ^l?^ 1 '"' 

d(ni)d(n 2 )(i(n3)(i(n4) 



_ — . ~- i"i"2":;";; :i 1 

^/nl+ \Jri2= v / n3+ V™4 
nj<V 



X 



y r XCU4 v ' x i/2 ' x i/ 2 > x i/ 2 



+ 0(HU 2 T^ 2 log 4 y). 
By Lemma 5.2, we have 

f2irUy/n{ 2-KU^i 2-kU^h 

4 V xV2 ' xV2 ' x l/2 ' X T72 _ 

for ^/nl + y^ni + = y'nj, and 



LU4 \ xV2 ' x i/2 ' si/2 ' x i/2 J" ib ll 

.7 = 1 



sm ■ 



x 



1/2 



for y^nl + y^ = ^/n^ + y^ . Hence 

(6.7) /" T+ % 11 (x) d x = 48 VJ g^jK) 

V n l+V n2= V n 3+V "4 



X / + x TT sin * U ^~ j dx + 0{HU 2 T- 1 ' 2 log 4 y). 



Now consider the integral J^ +H S±2(x)dx. Note that Si2(x) corresponds 
to the sum under the condition a* / 0. From the definition of a(x), we 
have 
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By Lemma 3.2 we get \a*\ 3> max(ni, n 2 , ri3, 71,4) 7 / 2 , which combining with 
y = c(T/U) l l A with a small positive constant c implies that 

a'(x) > KIT" 1 / 2 . 

By Lemma 3.5 we get 

r-T+H rp3/2 



/ x cos(4ira(x) — ir(3/4:)dx <^ 
Jt 



It \ a 
Hence 



/ s 12 ( X )dx«T^j2j:i: 

< Gi + G 2 , 



d(rai) • • • cZ(n 4 ) 1 
. (m---n 4 ) 3 / 4 R 7 

je/ 4 iS/ 3 ni<y y 1 



where 



G =T 3/2 V d(ni)---d(ra 4 ) 1 

' ^ . (ni---n 4 ) 3 / 4 | ^/nl + Jni ~ Jni ~ Jnl \ ' 

d(ni) • • • d(n 4 ) 1 



g 2 = t 3//2 y 

^ (ni---n 4 ) 3 / 4 | Jn{ + ^/n^ + ^Jni - Jul \ 

We only estimate the sum G\. The estimate for G 2 is the same. 
Let 77 = y^nl + — \A^3 ~~ \/^4- By a splitting argument we get 

Gi < Gi (iVi , 7V 2 , N 3 , N 4 ) log 4 T 

for some N U N 2 , N 3 , N 4 , Nj <^y (j = 1, 2, 3, 4), where 

G^,iV 2 ,iV3,iV 4 ) = T 3 / 2 £ ^-y i,. 

Without loss of generality, we may assume that iVl < N 2 ,N 3 < iV 4 and 
N 2 < N4. Then by Lemma 3.2 we have 

(6.8) r? := N^^N^N^ 2 « \r]\ < n\ /2 
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By a splitting argument again we get that 
By Lemma 3.4 we have 

« r3/2+£ n nvww* + 1) 

« _ J^i!l___ f S^N^N^ 8 + tfl/ajyf 4 + ^ivf 8 + A ^1/4^3/8 + 1} 



T3/2+ \ lM ( S^iN^Nzft^Nf + 1) + 5 3 / 4 < 8 + i 

(N 1 N 2 N 3 N 4 y/ i 5 V v 3; v 4 7 4 

r 3/2 +£(iViiV2jV3) l/ 8 T 3/2+£ ,e-l/4 ^9/8 , ,-1, 

— w — ( 4 + )+ jNjwm {5 ,N ± +5 ^ 



« T 3 / 2+e iV 4 5/2 



where in the last step we used (6.8). Thus we have G\ <C r 3 / 2 + £ y 5 / 2 . Simi- 
larly we have G2 -C 7 l3 / 2 + e y 5 / 2 . Combining the above estimates we get 

rT+H 

(6.9) / Si 2 (x)(fa « r 3/2+ £y 5/ 2> 



(6 



Prom ([53]) . ([577]l and we get 

rT+H Q — d(ni)d(n2)d(n 3 )d(nA} 



.10) y 5 4 ( ^=^ _ £ 



— , — — , y — (nin 2 n 3 n 4 ) 3/4 



nj<y 

'■ T + H 4 ;rP\, 777 



x / x sin — <ix 

Jt 1 a; ' 

+ 0(T 3 / 2 +V/ 2 + H^T- 1 ' 2 log 4 T). 
It is easy to see that the sum in the right hand side of (|6.10p can be 
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written as ^ 6 + J^ 7 , where 
(6.11) 



6 ~~ 7^4 2_> „3/2 Z_> 



3 ^d 2 (n) ^ ci 2 (m) f T+H . 2 tt[/^ 



3/2 Z_-/ rrfi/'Z jrp 

rn<y 




x sm 



d 2 {n) 2 ttEV™ 

n 3/2 8111 

n<y 




and 
(6.12) 




m---n 4 3 /4 y T 11 x i/2 



m+v / ™2=v / " : 3+v / ™4 
ni^n3,ni^n4 

By Lemma 4.1 we have 

(6.13) ^ 6 «m/ 2 log 6 T, 
while by Lemma 4.4 we have 

(6.14) ^ <C T 1+£ H{T/U 2 )- 3/2 <C HU 2 T £ {T/U 2 y 1/2 . 
From (6.10)-(6.14) we get 

/•T+if 

(6.15) y Sf(x)dx < #f/ 2 T £ + T 3 / 2+£ y 5 / 2 < #[/ 2 T £ 
if we note the condition # 8 f7 21 > T 17 . 



.x 



6.2 On the integral f T S%(x)d. 

In this subsection we estimate the integral J^ +H S% (x)dx. Since S^x) = 
R,2(x + U) — R^ix) + M(x), it is sufficient to consider the integrals of R%(x) 
and M 4 (x). 

Recall that (T < x < T + H) 

,1/4 



Mx) = ^j= £ ^cos(4^V^-vr/4) + 0(T £ ). 
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Let J be a positive integer such that 2 J+1 x H 2 y 3 T 1 and let z 
2 J+1 y, then y < z < T. We divide R 2 {x) into two parts: 



R 2 {x) = R 2 i(x) +R 2 2(x), 



where 



R2i(x) 



x 1 sr d ( n ) (a i — 7^ ^ 
v^vr ^ n 3 / 4 v 4 ; ' 

y<n<z 



v z<n<T 



Obviously we have 

R 22 {x) « X 1 /2+^-l/2. 

For the mean square estimate for R 22 (x), we have 

rT+H 

/ R\ 2 (x)dx « T l l 2+e Hz^ 1 ! 2 + T 1+£ 
(see e.g. (2.3) of Zhai [IB]). Hence 

rT+H rT+H 

/ mffi 4(i) / Ui2(a?)d 

7T T<x<T+H j t 

< T^^-^T 1 / 2 ^- 1 / 2 + T). 

For i?2i(^) we can write 



(6.16) 



i?2l(x) 



,1/4 



v o T E ^ cos(4^v^ - 7T/4) 

y<n<z 



„l/4 



d(n) 

a/2tt ^ n 3/4 
0<i<J V 2Jy<n<2^+ 1 ?/ 



E 77*z E 



cos(4-7T\/n2; — 7r/4). 



By Holder's inequality we get 



|i? 21 (x)| 4 «TJ 3 E 

o<i<J 



E 



d(n) 



2Jy<n<2J+ 1 i/ 



r? 



3/4 



cos(47T\/ra — vr/4) 
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Correspondingly we have 
rT+H 

\R 2 i(x)\ 4 dx 
«TJ 3 J 



T+H 



o<j<J 

-T+H 
IT 



E 



d(n) 



E 



2iy<n<2i+ 1 y 

d(n 



n 



3/4 



cos(47Ty / nx — 7r/4) 



23y<n<2i+ 1 y 



n 



3/4 



cos(47r-v/rax — vr/4) 



for some < j < J. Let N = 2^y. Thus by Lemma 3.5 we get (note that 
J«logT) 



rT+H r T+H 

(6.17) / \R 2 i(x)\ 4 dx<^T 1+e 

Jt Jt 



E gk 2 ^ 



dx 



T l+e 



n,m,k,l~N 



d(n)d(m)d(k)d(l) 
(nmfc/) 3 / 4 



T+H 



e(2r]x 1/2 )dx 



AT3 



^ min 



T l/2 



where we put = y 7 ™ + yjm — \f~k~ — y/l. By Lemma 3.3 the contribution of 
H is (note that in this case \rj\ < ^j-) 

(6.18) « HT 1+£ N~ 3 (T 1 / 2 H^ 1 N 7 / 2 + N 2 ) 

<g 7 l3 / 2 +£jyi/2 _|_ HT 1+e N~ l 

<<r 3/2+ £z l/2 + Fr l+ V l_ 

By Lemma 3.3 again we see that the contribution of T 1 / 2 )^) -1 (in this case 
\rj\ > T X I 2 H~ V ) is 



(6.19) 



<<T 3/ 2+£iV -3 max i y 1 



<5<M<25 



« max ( T 3/2+ £iV i/2 + T 3/2+ £Ar -i r i ) 

5>T i/2if-i 
^ T 3/2+e jyl/2 + HT l+e N ~l 

« r 3/2+ £z l/2 +Fr l+ £y -l_ 
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Combining (6.16)-(6.19) and noting z x H 2 y 2 T 1 we get that 

fT+H 

(6.20) / \R 2 (x)\ 4 dx < HT l+£ y- 1 + T 3 ' 2+£ z 1 / 2 
Jt 

+ T ^+e Hz -V2 +T 2+e z -l 
<C HT l+e y- 1 + T 3+£ y 3 H- 2 . 
On the other hand, since M(x) <C K|i?i(x + U)\ and 

fT+H r2T 

/ |i?i(x)| 4 cte< / |i?i(x)| 4 dx<T 2 

we have 

fT+H fT+H 

(6.21) / M 4 (x)dx <.U 4 T~ 4 \Rx{x + U)fdx 
Jt Jt 



< U 4 T~ 4 T 2 « 1. 



Prom (6.20) and (6.21) 



/•J +-H 

(6.22) / 5|(x)dx < T l+e Hy- 1 + T 3+£ y 3 H- 2 . 

Jt 

We also remark that by (|2.1j) the right hand side of (|6.22|) is bounded above 
by T £ HU 2 . 



6.3 Proof of Theorem 1 

By the elementary estimate (a + b) 4 — a 4 <C |a 3 6| + \b\ 4 we can write 
(6.23) (A(x + U)- A(x)) 4 = S 4 (x) + 0(|5?(x)5 2 (x)| + |S 2 (x)| 4 ). 

By (6.15), (6.22) and the Holder's inequality we get 
(6.24) 

T+H / rT+H \ 3 / 4 / fT+H \ V 4 

|5?(x)5 2 (x)|dx < / Sf(x)dx) (/ S 4 (x)dx 



VT / VT 

« T'iHU^iHTy- 1 ) 1 / 4 + T £ (HU 2 ) 3 ^ 4 (T 3 y 3 H^ 2 ) 1 ^ 4 
•C i^r 3 / 16+e C/ 25 / 16 + jj 1 / 4 7 ll5 / 16 + E f/ 21 / 16 
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Now Theorem 1 follows from (6.10)-(6.14) and (6.22)-(6.24). 
Finally we prove Corollary 1. Recall the definition Eg in Section 6.1. 
since U < T l / 2 - £ , by Lemma 4.1 we see that 

(6.25) E 6 x HU 2 log 6 

which combining the formula (2.3) of Theorem 1 gives Corollary 1. 



7 Proof of Theorem 2 

In this section we prove Theorem 2. We begin with the well-known Atkin- 
son's formula (see Ivic [51 Chapter 15]) 

(7.1) E{t) = Z 1 (t) + Z 2 (t)+0(log 2 t), 

where 

s iW : = ^2 h(t,n)cos(f(t,n)), 

-i 



^n<A 



E 2 (i) := -2 ^ d(n)rT 1/2 (log cos ft log 

n<N' ^ ^ 

( 7 - 2 ) ») := (-l)»d(»)T 1/a + ~) V4 fo(t, n))- 1 
#(£, n) := arsinh(( 



t 7T 
* + T 



27rn 4 



1/2 



/(t, n) := 2t#(t, n) + (2imt + vr 2 n 2 ) 1/2 - tt/4, 
At < iV < A't, N' := t/2-K + N/2 - (N 2 /4 + Nt/2ir) 

where < A < A' are any fixed constants. 

We also need the error term A*(t), defined by 

(7.3) A*(t) :=\Y, " *( lo S* + 2 7 " !)• 

n<4t 

A*(t) also has the truncated Voronoi's formula (see Ivic [3 (15.68)]): 

A*« - ^ E ^»(W5-J) +0 (^, 

n<N 
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for 1< N < t. 

Let y := c(T/C/) 1 / 4 , where c is a small positive constant. For T <C t <T, 
define 

£ 2 (t): = £(*)-£i(t), 

K* 2 (t) : = A*(t)-Kl(t). 

Step 1. The upper bound of f^ +H S^i^dt 
In this subsection we shall show that 

rT+H 

(7.4) / £l{t)dt^HT 1+£ y-\ 

Jt 

Let 2 := (T/y) 1 / 2 and define 

«?2i(t) : = 4= ^ M*> n ) cos (/(*J n ))> 

y<n<z 

£22 (t) : = £ 2 (t)-£ai(t). 

Let l/4<0<l/3bea constant such that £?(i) < f 6 *. Following I vie [S], 
the second author proved in [18J that 



rT+H 

J \A(t)\ A dt <. HT A / 4+£ 

holds for H > T 1+e ( A -^~ A / 4 if 2 < A < 20/(0-1/4). By the same argument 
we can show that the estimate 

cT+H 



pi +n 

J \E{t)\ A dt < HT A / A+£ 

holds for H > T 1+e ( A - 2 )-^/ 4 if 2 < A < 20/(9 - 1/4). A slight modification 
shows that if H > T 1+9 ( A - 2 )- A / 4 and 2 < A < 20/(0 - 1/4), then 

rT+H 

(7.5) J \£ 22 (t)\ A dt<^HT A ^ +£ . 
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Similar to the formula (2.8) of Zhai |18j , we can easily show that 

rT+H 

(7.6) J \£ 22 {t)\ 2 dt<£HT x l 2 z- 112 log* T. 

We omit the proofs of the above formulas. From (7.5), (7.6) and Holder's 
inequality we get 



holds for H > T 1+e ( A - 2 )-^/ 4 if 4 < A < 26/(9 - 1/4). Taking 9 = 72/227 
and A = 8 we get that the estimate 

rT+H 

(7.7) / \£22(t)\ A dt -C HT 1+e z~^ 3 -C HT 1+e (T /y)" 1 ^ 6 



holds in the range T 205 / 227 <C H < T if noting that T 3 / 7 «f/< T 1 / 2 . 




Now we estimate the integral J rj 



rT+H 
T 



£2i(t)\ 4 dt. Similar to (6.17) we have 



(7.8) 




N<n,m,k,l<2N 



holds for some y < N < z, where 



H(t] n, m, k, I) = h(t, n)h(t, m)h(t, k)h(t, I), 

F(t- n, m, k, I) = f(t, n) + f(t, m) - f(t, k) - f(t, I). 



From (7.2) it is easy to check that 



(7.9) 




Let rj 
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Let C > be a large real constant such that if \rj\ > Cz 3 ^ 2 T 1 then 
\F'(t;n,m,k,l)\ > \ri\T- 1 ! 2 . 

If \r]\ < Cz 3 ! 2 T~ x , then by the trivial estimate and Lemma 3.3 we get 

rT+H 

(7.10) / ^2 H(t;n,m,k,l)e(F(t;n,m,k,l))dt 

JT N<n,m,k,l<2N 

HT 1+£ ^ 

N<n,m,k,l<2N 

« E^l {C z^ 2 T- l N 7 l 2 + N 2 )N £ 

< HT^y- 1 + Hz 2 T £ 
<C HT^y- 1 . 

Now suppose > Cz 3 / 2 T _1 . By Lemma 3.5 and 3.3 we get 

rT+H 

(7.11) / H(t;n,m,k,l)e(F(t;n,m,k,l))dt 

T N<n,m,k.l<2N 

T 3/2+e x T 3/2+e 

N<n,m,k,l<2N 1 1 N<n,m,k.l<2N 

^Cz'^^T- 1 |»7h<5>z 3 /2T-i 
#yl+e 2^5/2+e HT 1+£ T 7 / 4+e 

^ y + 771372" < y 

<. . 

y 

From (7.8) , (7.10) and (7.11) we get 
rT+H 

(7.12) J \S 21 (t)\ 4 dt < HT 1+£ y- 1 + T^ 2+£ z 1 / 2 , 

which combining (7.7) gives (7.4). 

Step 2. The upper bound of ff +H (£i(t) - 2vr^*(t/27r)) 4 dt 
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It is easy to see that 



n<y 

Thus we can write 

£ 1 (t)-2TrR* 1 (^-)=S 3 (t) + S 4 (t), 
S 3 {t) = ^2h 1 (t,n) cos(/(i,n)), 

/i(t,n) (2t) 1 /4 (-l)»d( n ) 



hi(t,n) 



^2 7rV4 n 3/4 ' 

*W - E («-(/(«.»)) - - - =)) . 

n<y 

From (7.9) we have hi{t,n) < d(n)n 1 / 4 t~ 3 / 4 and S 3 (t) < y 5 / 4 t~ 3 / 4 log y. 
Thus 

(-T+H 

(7.13) jf |5 3 (t)| 4 tit«y 5 ^ 3 log 4 y«l. 

By the simple relation 

(7.14) cos(« — v) — cos(ii + v ) = 2 sin u sin v 
we can write 

S 4 {t) = ^h 2 (t,n)sm{f 1 (t,n)), 

n<y 

, , , (2t) x / 4 (-l) n d(n) /(t,n)-2 3 / 2 ( 7 rnt) 1 / 4 + 7r/4 
M*>«) = — Tm 1^73 sm ' 



ttV4 n 3 / 4 2 
/(t,n) + 2 3 / 2 (vrnt) 1 / 4 -7r/4 



2 

It is easy to check that 
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where ■ ■ ■ are real constants. So for each n < y, h 2 (t, n) is a monotonic 

function of t and /i 2 (t,n) <C d(n)n 3 / 4 r x / 4 . By (7.14) again we can write 

|S4(i)| 2 = ^2 h 2(t,n)h 2 (t,m)sm(f 1 (t,n))sm(f 2 (t,m)) 

n,m<y 

= S 5 {t) + S 6 (t) + S 7 (t), 

S 5 (t) = £/il(t,n)sin 2 (/i(t,n)), 

n<y 

Sett) =2 X] h 2 (t,n)h 2 (t,m)cos(f 1 (t,n) - /i(i,m)), 

n,m<y 

s 7(*) = ^ h 2 (t,n)h 2 (t,m)cos(fi(t,n) + fi(t,m)). 

n,m<y 

Trivially 5 5 (t) <C y 5 / 2 ^/ 2 log 3 y, which implies 

rT+H 

(7.15) y S 5 {t)dt < y^HT' 1 / 2 log 3 y. 

From the third formula of (7.9) it is easy to check that 

\f[(t,n) - f[(t,m)\ » |y^- y^lT- 1 / 2 . 
By Lemma 3.5 we have 

(7.16) r% t(1) ^y »g 

d(n)d(m)(nm) 3 ^ 4: 
, l\Ai — \An| 

| v ^- v ^S|>(nm) 1 /4/ioo IV V ' 

^ d(n)d(m)(nm) 3 / 4: 



, ,/n — \/m| 

| v 7 "- \/m| < (to) 1 / 4 / 100 



E,. 1/2 v-^ d(n)d(m)(nm) 3 / 4: 

n,m<y n>im<y ' 1 



«y 3 log 2 y + \ < y 3 log 4 y. 

n — m 

nxm<y 
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Similarly 

(7.17) SrW « £ ^ « , 3 log 2 y. 
Prom (7.15)-(7.17) we get 

rT+H 

J \S 4 (t)\ 2 dt « y^HT^ log 3 y + y 3 log 4 y « y^HT'^ log 3 y, 
which combining the trivial estimate 64(f) <C y 7 / 4 i -1 / 4 logy gives 

rT+H 

(7.18) jf |S 4 (t)| 4 di« 2 / 6 i7r- 1 log 3 y« J HTy- 1 . 
So from (7.13) and (7.18) we get 

rT+H 

(7.19) J \£ 1 (t)-2irK* 1 (t/2ir)\ 4 dt<z:HTy- 1 . 

Step 3. Proof of Theorem 2 
For T < t < T + H, we can write 

(7.20) E(t + U) - E{t) 

= £i(T + U) — £ x (t) + £ 2 (T + U)- £ 2 {t) 

= ^n\C-±^) - 2nKU^)+£i(T + U) - ZttWK^) 

-£i(t) + 2tt^;(t-) + f 2(T + U) - £ 2 (t) 
= S 8 (t) + S g (t) 

say, where 

S 8 (f) : = 2 l l\- l 'H^ Y ( ~ 1) "f n) cos (2 3 /V/2v^ - ^ , 

n<y 

S 9 (t) : = fx(T + u)- 2itn\C-^-) - £i(t) + 2itn\{^-) 

+£ 2 (T + U)-£ 2 {t) + M*(t), 
M*(t) : = 2 1 / 4 ^" 1 / 4 ((t + f/) 1/4 - t 1/4 ) 

n<j/ 
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Similar to (6.21), we have 

r-T+H 



/l +n 
M* A (t)dt < 1, 



which combining (7.4) and (7.19) gives 

rT+H 

(7.21) J S$(t)dt < HT 1+£ y-\ 

For Ss(t), similar to (6.10) under the condition (2.1) we have the asymptotic 
formula 

T+ff c4mjJ 12 ^ d( ni )d(n 2 )d(n 3 )d(n 4 ) 



[i+ti -19 
(7.22) / Sl(t)dt = - 



It " ' 7T ^_ (nin 2 n 3 n 4 ) 3 / 4 



rT+H _± 

> 

.IT 

3 

+0(HT 3 / 16+£ U 25/16 ). 



rT+H 4 

y T * n sin dx + o^t-v 2 log 4 t) 



Now Theorem 2 follows from (7.20)^(7.22). 
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